Mathematica 11.3 Integration Test Results

Test results for the 34 problemsin "4.1.4.2 (a+b sin)*m (c+d sin)”n
(A+B sin+C sin*2).m"

Problem 1: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+asin[e+-Fx])"' (c-csinfe+fx])*? (A+Csinfe+fx]?) dx

Optimal (type 3, 384 leaves, 5steps):
64c® (C(39-16m+4m?) +A (63+32m+4m?)) Cos[e+fx] (a+aSinfe+fx])"

+

f(5+2m) (7+2m) (9+2m) (3+8m+4m?)/c-cSin[e+fx]

16c? (C (39-16m+4m?) +A (63+32m+4m?)) Cos[e+fx] (a+aSin[e+fx])'"\/c—cSin[e+fx]
f(7+2m) (9+2m) (15+16m+4m?)

+

2c (C(39-16m+4m?) +A (63+32m+4m?)) Cos[e+fx] (a+aSinfe+fx])" (c—cSin[eJr-Fx])z’/2

f(5+2m) (7+2m) (9+2m)

4C (1+2m) Cos[e+fx] (a+asSinfe+Ffx])" (c-cSinfe+fx])*?

f(7+2m) (9+2m)

+

2CCos[e+fx] (a+aSinfe+fx])" (c-cSin[e+fx])”/?

cf (9+2m>

Result (type 3, 899 leaves):
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1

. (a(1+sinfe+fx]))" (c-cSinfe+Fx])*?
£ (Cos[2 (e+fx)]-sin[2 (e+Fx)]]

((18906A+12285C+15648Am+648Cm+5280Am2+1416Cm2+896Am3+224Cm3+

((18900A+12285C+15648Am+648Cm+5280Am2+1416Cm2+896Am3+224Cm3+
1 i 1 1 i 1
(—7— Cos[—(e+fx”+[—+—)Sin[—(e+FxH /
8 8 2 8 8 2

((1+2m) (3+2m) (5+2m) (7+2m) (9+2m)) +

64Am4+16Cm4)

(§+i— Cos[i(e+fx>}+[§fi—) Sin[%(eJerH
((1+2m) (3+2m) (5+2m) (7+2m) (9+2m)) +

64Am4+16Cm4)

((1575A+1575C+1178Am+414Cm+292Am2+100Cm2+24Am3+8Cm3)
1 1 3 1 i 3
—-—|Cos|— (e+f -|—+—]|Sin| — f /
([4 4 [2( ' X)] (4+4) 1n[2<e+ XH )
((3+2m) (5+2m) (7+2m) (9+2m))+
((1575A+1575C+1178Am+414Cm+292Am2+100Cm2+24Am3+8Cm3)
(Fe %
.t
4 4

3+2m 5+2m) (7+2m) (9+2m + 63A+189C+32Am+44Cm+4Am? +4Cm?
(( ) ( ) ( ) ( J)+ |

((5+2m) (7+2m) (9+2m)) + ((63A+189c+32Am+44Cm+4Am2+4Cm2)
(e+fx)}_[2_i) Sin[z(ewaH / (s+2m) (7+2m) (9+2m)) +

(15+2m) ((-2-2%] CCos[Z (e+fx)]+ (2 -20)csin[? (e+fx)]]

Cos[z (e+fx)] - (iii) Sin[z (e+fx)]

(2l o[22t )

1

+

(7+2m) (9+2m)

(15+2m) ((- 2+ 2] CCos[Z (e+fx)]+(2+20)csin[? (e+fx)]]

+

(7+2m) (9+2m)

(i+l) CCos[2 (e+fx)]+ (ifj—) csin[2 (e+fx)|

16 16 16 16 .
9+2m
(i—f—s) CCos[% (e+Fx)]+ (i+11—6) CSin[% (e+Fx)]

9+2m
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Problem 4: Attempted integration timed out after 120 seconds.

dx

j(a+asin[e+fx])"‘ (A+Csinfe+fx]?)
vc-cSinf[e + fx]

Optimal (type 5, 123 leaves, 4 steps):
(A+C) Cos[e+fx] Hypergeometric2F1[1, §+m, %er, i (1+Sin[e+fx]” (a+asinfe+fx])"

f(l+2m) Jc-cSinfe + fx]

2CCos[e+fx] (a+aSin[e+fx1)1*m

af (3+2m)c-cSin[e+fx]

Result (type 1, 1leaves):

2P

Problem 5: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(a+asin[e+fx])m (A+Csinfe+fx]?) 5
X

(c-csinfe+fx])??

Optimal (type 5, 202 leaves, 5steps):
(A+C) Cos[e+fx] (a+aSin[e+fx])*"

.
4af (c-csinfe+fx])*?

(A+2Am+C(9+2m)) Cos[e+fx] (a+aSin[e+Ffx])"

4cf(1+2m)/c-cSin[e+fx]

((A (1-2m) -C(7+2m)) Cos[e+fx] Hypergeometric2F1[1, 1+m, i+m, (1+sinfe+fx])]
2 2

N =

(a+asinfe+fx])"

/(4c-F (1+2m) Jc-cSinfe + fx] )

Result (type 6, 16 031 leaves):

Cos|

N |

[—e+§—fx)]72m

Cos[% (e+fx)] —Sin[% (e+fx)]
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CCos[i(—e+§—fx)}2mCos[2(—e+§—fx)] J 1 Tan[i(—e+§—fx)}2
(Cos[f+%(e—§+fx)]—$1n[l %(e—fﬂcx)”?' 1+Tan[i(—e+§—fx)}2
([AAppellFl[ -2m, 2m, 2, Cot[i( e+ —-Ffx|]’, —Cot[i( e+ —-fx ﬁ)/

1 Tt 2
-m |AppellF1[2, 1-2m, 2m, 3, Cot[~ (—e+——fx)] s
4 2

1 2
—Cot[f( e+;—1:x)] | + AppellF1[2, -2m, 1+2m, 3,
4
1 7T 1 7T 2
Cot [~ {—e+f—fx)] , ~Cot [~ (—e+f—-Fx ] ]] + AppellF1[1, -2m, 2m, 2,
4 2 4 2
1 7T 1 7T 1 7T 2
Cot 7[ e+ —-fx ] R fCOt[*(—e+f—-Fx ] ]Tan[f(—e+f—fx } ])—
4 2 4 2 4 2
1 7T 2 1 7 2
(CAppellFl[l -2m, 2m, 2, Cot|[~ |-e+ — - fx|| ,7C0t[*(7e+*7fx 1] /
4 2 4 2
1 7T 1 7T 2
AppellF1[2, 1-2m, 2m, 3, Cot[~ [-e+ = - fx|] ,—Cot[*(—e+*—fx 1]+
4 2 4 2
1 7T 1 7T 2
AppellF1[2, -2m, 1+2m, 3, Cot[~ [-e+ —-fx|], -Cot[~ [-e+ — - fx]|] })+
4 2 4 2
1 s 1 T 2
AppellF1[1, -2m, 2m, 2, Cot[—( e+ —-fx|]", -Cot|[~ (—e+——fx 7]
4 2 4
1 T 2
Tan{—(—e+——fx ] ]+
4 2
1 1 2
(AAppellFl[l, -2m, 2m, 2, Tan| = (—e+——fx | -Tan|[ = (—e+——fx 1]
4 4
1 T 2
Tan[—(—e+——fx ] )/
4 2
(AppellFl[l,—Zm,Zm, 2, Tan[—[—e+£—fx]]2, —Tan[l(—e+z—1‘:x)}2]—
4 2 4

2
1 Tt 2 1

m |AppellF1[2, 1-2m, 2m, 3, Tan| =~ (—e+——fx)] , -Tan[~ (—
4 2 4

1 s 2 1 7T 2
AppellF1[2, -2m, 1+2m, 3, Tan|— (—e+——fx)] , -Tan[ = (—e+——fx)} })
4 2 4 2
1 7T 2 1 Tt 2
Tan{—( e+——-Fx)} ]+ CAppellF1[1, -2m, 2m, 2 Tan{—(—e+——fx]] s
4 2 4 2
~Tan[~ [e+z—fx]]2}Tan[l(—e+£—fx]]2)/
4 2 4 2
(AppellFl[l, -2m, 2m, 2, Tan{1 [—e+£—fx ]2, —Tan{l (—e+£—-Fx }2] -
4 2 4 2
1 7T 1 T 2
m [AppellF1[2, 1-2m, 2m, 3, Tan| = [-e+ —-fx||", -Tan|[ = (—e+f—-Fx I
4 2 4 2
1 s 2
AppellFl[Z, -2m, 1+2m, 3 Tan[f(—e+f—1:x ] s
4 2

—Tan[

FNQRPN
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1 1 1 Tt 2
(4A(1+m> AppellF1[1+2m, 2m, 1, 2+2m, —- = Tan[~ (—e+——fx)] s
2 2 4 2
1 Tt 2 1 Tt 2 1 Tt 2
1-Tan|~ (—e+——fx]] ]Cot[—(—e+——fx)] (—1+Tan[—(—e+——fx)] )]/
4 2 4 2 4 2
1
) el

—lTan{l (—e+£—fx)}2,

(<1+2m) (-2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m,
2

2 2 4

7T 2
(—e+——1°x)} | + [AppellF1[2+2m, 2m, 2, 3+2m,

2

an[1 [—e+z—fx)}2, 1—Tan{1 (—e+
2 4

1 1

AppellF1[2+2m, 1+2m, 1, 3+2m, —- — Tan|
2 2
1 7T 2 1

1-Tan|[~ [7e+—7fx)] }] (71+Tan[— (7e+
4 2 4

1
(28C (1+m) Appe11F1[1+2m, 2m, 1, 2+2m, —

2 2
JT
2

%] Cot[i e+

1 Tt
1-Tan|[~ [7e+—7fx
4 2

1+2m) [-2 (1+m) AppellF1|1+2m, 2m, 1, 2 +2m, 1—lTan —|-e+ —-Ffx
(1+2n) -2 (12n) [ 5
N

1 Vs
an| = [—e+——fx
2 2 4 2

1-Tan AppellF1[2+2m, 2m, 2, 3+2m,

1 7T
[— (—e+——Fx
4 2

1 1
-7

}2, 1—Tan[l (—e+
4

1
AppellF1[2+2m, 1+2m, 1, 3+2m, — -
2

[7e+§7fx)]2}] (71+Tan[

2Tl
2

1( i
T ey =
4 2

{BZC

1

4
1-

1

4

1—Tan[

1+Tan|
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- ((AAppe11F1[1, ~2m, 2m, 2, Cot| [—e+ T _fx
2

IS

7
-e+ —-fx

1
AppellF1[2, 1-2m, 2m, 3, Cot|[~
2

4

-m

f x

2 1
"] +AppellF1[2, -2m, 1+2m, 3, cOt[Z (—e

+
RN
|
_h
x

1 7T
~Cot [~ [—e+——fx
4 2

2
] }) + AppellF1[1, -2m, 2m, 2, Cot|
}Z]Tan[l( i

T 2 1 T
[—e+——fx |", -Cot [~ (—e+——fx
2 4

2

1

4

(cAppellFl[l, “2m, 2m, 2, Cot[ (—e+ E_fx]]z, Ccot[* (_e+ E_fx)m)/
4 2 4 5

-m

1 7T 2
AppellF1[2, 1-2m, 2m, 3, Cot|~ (—e+——fx)} s
4 2

1 7T 2
-Cot [~ (—e+ ——fx)} | +AppellF1[2, -2m, 1+2m, 3,
4 2

-fx

2
] }) + AppellF1[1, -2m, 2m,

]*] Tan| RE

]2, —Co‘c[1 (—e+
4
1
4

7T
(7e+*7'FX
2

1
4

1 T
(AAppellFl[l, -2m, 2m, 2, Tan[f (—e+ —-fx
4 2

2

] )/ (AppellFl[l, -2m, 2m, 2, Tan|
2
[7]-m

2 1 7T
] R —Tan[z [—e+g—fx

ENII

1 7T
—Tan[f (—e+f—-Fx
4

AppellF1[2, 1-2m, 2m, 3,
2

7
-e+ —-Ffx

T —
an[ 5

]°] + AppellF1]2,

e doe)

1 n ,
~2m, 1+2m, 3, Tan[ = (,e+_,fx 1%, ~Tan|

4 2

1
4

1 T 2
Tan|~ [—e+——fx)] ]+ {CAppellFl[l, -2m, 2m, 2,
4 2
1 7T 2 1 T 2 1 7T 2
Tan|~ [—e+——fx)] s —Tan[—(—e+——fx "] Tan| = (—e+——fx ] ]/
4 2 4 2 4 2
1 Tt 2 1 T 2
[AppellFl[l, -2m, 2m, 2, Tan| = (—e+——fx %, -Tan| = (—e+——fx 7] -
4 2 4 2

I

1 T 2
~Tan[~ [—e+;—fx)} | +AppellF1[2, -2m, 1+2m, 3, Tan|
4

m

1 7T
AppellF1[2, 1-2m, 2m, 3, Tan|[ = (—e+——-Fx
4 2

1 (—e+£—fx ]2, —Tan{l (—e+z—fx }Z]JTan[1 (—e+z—1‘x ]2) -
4 2 4 2 4 2
1 1 7T 2
(4A(1+m) AppellF1[1+2m, 2m, 1, 2+2m, g—gTan[Z (—e+f—fx 1%
1 7T 2 1 7T 2
1—Tan[f (—e+f—-Fx ] ]Cot[f (—e+f—-Fx }
4 2 4
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[—1+Tan[i [—e+§—fx]]2”/ ((1+2m) (—2 (1+m) AppellF1[1+2m,

1 1 1
2m, 1, 2+2m, —- = Tan|

= —e+£—fx)]2, 1—Tan{l
2 2 4

2 4

—e+§—fx)]2] +

1 1 1 7T 2
[Appe11F1[2+2m, 2m, 2, 3+2m, f—fTan[f [—e+f—fx)] R
2 2 4

1 7T 2
1-Tan[~ (—e+f—fx)} | +mAppellF1[2+2m, 1+2m, 1, 3+2m,
4 2
1 1 1 7T 2 1 7T 2
f—fTan[f —e+f—fx},1—Tan[7(—e+f—fx] ]
2 2 4 2 4 2
1 s 2
(—1+Tan[— (—e+——Fx ] ]+ (28C<1+m> AppellF1[1+2m,
4 2
1 1 1 7T 2 1 7 2
2m, 1,2+2m, —7—Tan[—(fe+—ffx |, 1-Tan|[~ [7e+—7fx 7]
2 2 4 2 4 2
1 T 2 1 Tt 2
Cot[—(—e+——fx} (—1+Tan[—(—e+——fx}])/
4 2 4 2
1
[(1+2m) -2 (1+m) AppellF1[1+2m, 2m, 1,2+2m,;—
1 1 1 7T 2
—Tan[—(—e+——fx]] , 1-Tan[~ (—e+——fx)} }+(AppellF1{2+2m,
2 4 4 2
1 1 1 T 1 T 2
2m, 2, 3+2m, —- = Tan[~ [—e+——fx)] ,1—Tan[—(—e+——fx)] |+
2 2 4 2 4 2
1 1 1 7T 2
mAppe11F1[2+2m, 1+2m,1,3+2m, f—fTan[f (—e+f—-Fx ] R
2 2 4 2
1 1 2
1—Tan[f —e+f—-Fx] ]](—1+Tan[f —e+f—Fx}]) -
4 4
1-Tan[t [—e+Z-£x)]%) "
32C |1- [4( 2 )] +Tan[l[—e+£—fx ]2
1+Tan[i(fe+§ffx)] 4 2
7 -2
L 1—Tan[i(—e+;—fx)]2 " /
1+Tan[i(—e+§—fx)]2
1-Tan[L [—e+Z_£x]]%)*"
[(1+2m) 1+Tan[l(—e+£—fx ]2)] - [4( 2 )}
4 2 a~2 1+Tan[l(—e+1—fx)}2
4 2
1 1 7T 2
—([A = mAppellF1[2, 1-2m, 2m, 3, Cot|~ (—e+f—-Fx |
2 4 2
1 Tt 2 1 T 1 Tt 2
—Cot[—(—e+——fx ] ]Cot[—(—e+——fx | csc[ = (—e+——fx |7+
4 2 4 2 4 2
1 1 Tt 2
= mAppellF1[2, -2m, 1+2m, 3, Cot |~ (—e+——fx]] s
2 4 2
1 7T 2 1 1 2
—Cot[f(—e+f—1:x ] ]Cot[f(—lef—fx | csc[ = (—e+——-Fx ] ])/
4 2 4 4
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-m

1 Tt 2
AppellF1[2, 1-2m, 2m, 3, Cot|~ (—e+;—fx]] , —Cot|
4

(—e+

-e+

7T 2
——-Fx)} | +AppellF1[2, -2m, 1+2m, 3, Cot]|

2
]

1 7T 2 1 7T
Cot |~ [7e+f—fx)] , ~Cot[ = (7e+—7fx
4 2 4 2

— AR

nR
IR

1
—Cot[f(—e+ﬁ—1:x +AppellF1[1, -2m, 2m, 2,

4 2

]2] Tan[i (—e+§—fx

I,

c

1 7T
~mAppellF1[2, 1-2m, 2m, 3, Cot (—e+f—fx
2 2

[
1 s 2 1 7T
,Cot[* (—e+f—-Fx ] ]Cot[; (—e+gf-Fx

4 2

1
~mAppellF1[2, -2m, 1+2m, 3, Cot]|
2

—_—
[
™
+
|
_h
X

1
-Cot [~ (—e+£—fx
4 2

]Z]Cot[i(—eJrz—-Fx

-m

1 7T
AppellF1[2, 1-2m, 2m, 3, Cot[~ (—e+——fx
4

1 Tt 2
AppellF1[2, -2m, 1+2m, 3, Cot|[~— (—e+——fx]] s

4
1 s 2
-Cot|—|-e+ —-fx
3 e S

+ AppellF1[1, -2m, 2m, 2,

1 7T 2 1 7T 2 1 7T 2
Cot [~ {—e+f—fx)] , —Cot[f(—e+——-Fx ] ]Tan[—(—e+——fx ] ]+
4 2 4 2 4 2
1 7T 1 7T 2
(AAppellFl[l, -2m, 2m, 2, Tan[f (—e+f—-Fx } B —Tan[f [—e+f—fx ] ]
4 2 4 2
1 7T 2 1 7T
Sec[*[—eJrf—-Fx] Tan[f(—e+f—fx} /
4 2 4 2
1 7T 2 1 2
(2 AppellFl[l, -2m, 2m, 2, Tan[f (—e+f—1‘x } R —Tan[f (—e+f—-Fx ] ]—
4 2 4
1 T 2
m AppellFl[Z,l—Zm,Zm, 3, Tan[f [—e+f—fx ] R
4 2
1 7T 2 1 7T
—Tan[f (—e+f—fx ] ]+AppellF1{2, -2m, 1+2m, 3, Tan[z (—e+77
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2 1 T 2 1 7T 2
fx|]%, -Tan[~ [7e+—7fx)] }]Tan[— (7e+—7fx ] ])+
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[CAppellFl[l, -2m, 2m, 2, Tan| = (—e+——fx | -Tan|[ = [—e+——fx 7]
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Sec[—[—e+——fx] Tan[—(—e+——1‘:x} /
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1 7T 2 1 2
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FNQR
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4 2 4 2 4

1 1 Tt 2 1

= AppellF1[1, -2m, 2m, 2, Cot|[~ (—e+——fx)} , —Cot[~ [—e+

2 4 2 4

1 7T 2 1 7T 1
Sec[f(—e+f—fx |"Tan[ = {—e+——fx)]+ ~mAppellFi[2,
4 2 4 2 2
1 7T 2 1 7T 2
1-2m, 2m, 3, Cot[~ [—e+—ffx |7 —Cot[= |-e+ = -Fx]|]|]
4 2 4 2

1
Cot |~
4

7T 1 Tt
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(<1+2m) (1+Tan[l(—e+£—fx)}2] ]— ! ;
4 2 (1+2m) (1+Tan[i(—e+§—fx)})
1 1 7T 2 1 7T
32C| = sec|~ [—e+—ffx |"Tan|[ = (7e+—7fx ]
2 4 2 4 2
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L 1—Tan[i(—e+§—fx)]2 e o 1—Tan[4l(—e+§—fx)}2 e
1+Tan[i(—e+§—fx)]2 1+Tan[i(—e+§—fx)}2
- (Sec[i(—e+——fx]] Tan[%(—eJr——fx)}
[1—Tan[i —e+§—-Fx ]2)]/[2 [1+Tan[i(—e+f—fx ]2)2)]_
Sec[i(—e+§ffx)}2Tan[i<7e+§7fx)] .
2(1+Tan[%(—e+§—1:x)]2)
1 T 1—Tan[i(—e+§—fx)]2 o
Tan[4 [_e+ o )] 1+Tan[i<—e+§—fx)]2
- (Sec[i(—e+§—fx]] Tan[%(—eJr —-Fx)}

g el e e )

Sec[al (—e+§~Fx)}2Tan[

1
[1—Tan[f
4

Problem 6: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx

J(a+a5in[e+fx])’" (A+Csinfe+fx]?)

(c-csinfe+fx])®>?

Optimal (type 5, 207 leaves, 5 steps):
(A+C) Cos[e+fx] (a+aSin[e+fx])""

.
8af (c-csinfe+fx])*?

(A(5-2m)-C(11+2m)) Cos[e+fx] (a+aSin[e+fx])"

+

16cf (c-cSinfe+fx])*?

(A(3-8m+4m?) +C (19+24m+4m?)) Cos[e+fx] Hypergeometric2F1[1, 1+m, i+m,
2 2

N |

(1+Sin[e+fx]>] (a+aSin[e+Fx])m)/ (32c21c (1+2m) vc-cSinfe + f x] )
Result (type 6, 27 269 leaves) : Display of huge result suppressed!

Problem 8: Result unnecessarily involves higher level functions and more than
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twice size of optimal antiderivative.

J(a+asin[e+fx])"' (c-csinfe+fx])" (A+CsSin[e+fx]?) dx

Optimal (type 5, 257 leaves, 6 steps):

[2§+nc (C{1+2m) (m-n)+ (1+m+n) (C(L-m+n)+A(2+m+n))) Cos[e+fx]

(1-2n), l(:-;+2m),

Hypergeometric2Fi|
2

(1+2m),

N |
N |

i (1+sinfe+fx])]
(1—Sin[e+fx])%in (a+asin[e+fx])m (C_csin[e+_|:x])—1+n)/

(F(1+2m) (1+m+n) (2+m+n)) -
C(1+2m)Cos[e+fx] (a+aSinfe+fx])" (c-cSinfe+fx])"

f(1+m+n) (2+m+n) .

CCos[e+fx] (a+aSin[e+fx])" (c—cSin[e+Fx])1*”

cf (2+m+n)

Result (type 6, 25546 leaves) : Display of huge result suppressed!
Problem 9: Result more than twice size of optimal antiderivative.
J(a+a$in[e+-Fx])m (c+dsinfe+fx])" (A+CsSin[e+fx]?) dx

Optimal (type 6, 366 leaves, 10 steps):
CCos[e+fx] (a+aSin[e+fx])" (c+dSin[e+fx])*"

df (2+m+n>

+

(ﬁ (c(c+2Cm)+d(C(1-m+n)+A(2+m+n)))

1 1 3 1 d(1+Sinfe+fx])
AppellF1[=+m, =, -n, —+m, = (1+Sin[e+fx]), - ]

2 2 2 2 c-d

. n . h[C+dSin[e+fx]\™"
Cos[e+fx] (a+asSin[e+fx])" (c+dSinfe+fx]) [ y /
C_
(df(1+2m) (2+m+n)/1-Sin[e+fXx] )+
d(1+Si f
(\/Tc(dm—c(1+m)>Appe11F1{i+m, l,—n,i+m,1(1+Sin[e+fx}>,— (2 1n[:+ X”]
2 2 2 2 C -

c+dSin[e + fx]
c-d

Cos[e + f x] (a+aSin[e+-Fx])1+'" (c+dsinfe+fx])" [

'

(ad'F (3+2m) (2+m+n)~/1-Sin[e+fx] )

Result (type 6, 2255 leaves):

1
- —— Cos|
2f

N |

(—e+§—fx]]72m

[GC <C+d>
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1 3 3 o1 7T
AppellFl[f, -—-m, -n, —, Sln[* (—e+f—-Fx
2 2 2 2 2

c+d
. L.l a2m
Cos[l(—e+£—fx]]32m Cos{l(—e+z—1‘:x)}2) " Sln[l(—e+£—fx]]
2 2 2 2 2 2
. 1 —+m . 1 2 n
(1—51n[—(—e+——fx)] ) (c+d—2d51n[— [—e+——fx)] J ]/ -3 (c+d)
2 2 2
2dsin[L (ce+Z_fx)]?
AppellFl{l,—i—m,—n, i, Sin[l[—e+£—fx)]2, [2( 2 )} |+
2 2 2 2 2 c+d

3 3 5 o1 T
4dnAppe11F1[f, -—-m,1-n, —, Sln[* (—e+ —-fx
2 2 2 2 2

2dSin[i (—e+§—-Fx)]2

3 1 5
|+ (c+d) (3+2m) AppellF1[ =, - = -m, -n, =,
c+d 2 2 2
2dsin|[t (—e+Z_fx|]?
Sin[l(—e+f—1‘x) 2, {2( ) ] Sln[l(—e+—fx)}2]+
2 c+d 2
1 5 2d51n[—(7e+—7fx)}2
12A (c+d) AppellF1[—, —-m, -n, —, Sin|[— [—e+——fx)] s ]
2 c+d
Cos[1 (—e+f—fx ]71+2m Cos[1 [—e+——fx)] ]Tmsln[l [—e+£—fx ]
2 2 2 2
. 1 -5 . 1 S\ N
(1—Sln[7(—e+f—1ﬂx]) [c+d—2d$1n[g(—e+f—-Fx]) /
2

1 3 o1 7T
[3 (c+d) AppellFl[g, =-m, -n, >’ Sln[; (7e+571cx

4.dnAppellFi|

N | W

1 5 1 2
, —-m,1-n, =, Sin[ > (—e+——fx]] ,
2 2 2

3 3 5 .
(c+d) (-1+2m) AppellF1[=, =-m, -n, =, Sin|
2 2 2

2dsin[? (-e+ Z-fx]]®

c+d

1 1 3 1 o
6C<c+d>Appe11F1[g,;—m,—n, —,Sln[;(feJr;ffx

Cos|

N |

(—e+ 1—1"x]]71+2m
2

Cos[% [—e+§—fx)]2erSin[§ [—e+§—fx)}
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s
(1—Sin[ -—e+ —-fx

N |

]2)7”" [c+d—2dSin[£
2

1 1 3 1 7
3(c+d)AppellF1[;,;7m,fn, ;,Sln[;(fe+szx

c+d
3 1 1 T P 2dSin[i(—e+f—'Fx)]2
4dnAppe11F1[f,f—m,1—n, - Sin[f(—e+f—-Fx ] R ]+
2 2 2 2 c+d
(c+d) (-1+2m) AppellFl[i, i7m, -n, 5, Sin[1 (7e+£7fx }2,
2 2 2 2 2
2dsin[t (—e+Z_fx|]?
{2( 2 )] ] Sln[l(—e+ —-Fx)}z +
c+d 2
20C(c+d)AppellF1[7,—f—m, -n, ,Sln[l(—eJrf—-Fx ]2,
2 2
2dsin[L (ce+Z_fx)]?
[2( ) ]Cos[l(—eJr—ffx ]hzm
c+d 2
L-1-2m
Cos[l(—eJr——fx)}z]2 " Sln[l(—e+——fx)]
2 2
1 —+m 1 n
(1—Sin[—(—e+——fo] ) (c+d—2dSin[— [—e+——fx)] ] /
2 2 2
3 1 5 1 7T 2
[—5 (c+d) AppellF1[=, -~ -m, -n, =, Sin|[— (—e+——fx 1%
2 2 2 2 2
. N 2
2d51n[§(—e+;—fx>] .
c+d
5 1 7 1 2
4dnAppellF1[f, -—-m,1-n, —, Sin[f (—e+f—-Fx } B
2 2 2 2
2dsin[t (—e+Z_fx|]?
{2( 2 )] }+(c+d) (1+2m>AppellF1[E,l—m, -n, Z,
c+d 2 2 2
2dsin[® [-e+ 2 - fx)]?
Sin[l(—e+z—1‘:x)}2, [2( 2 )] ] Sin[l(—e+£—fx)}2 -
2 2 c+d 2 2

5 1 7 o1 T 2
14C (c+d)AppellF1[;, ;—m, -n, >’ Sln[; (—e+;—fx)] s
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1 7 “1s2m 1 7 2\ &=2m 1 7 5
Cos |~ (—e+f—fx ] Cos |~ (—e+——fx)] J Sin[— [—e+——fx ]
2 2 2 2 2 2
o1 7T 2\ ™" o1 7T 2\"
(1—Sln[7(—e+f—fx]) [c+d2d51n[(e+fx])]/
2 2 2 2

5 1 7 o1 7T 2
—7(c+d)AppellF1[;, ;—m, -n, S’ Sln[; (—e+f—fx)] s

[5

2dSin[i (—e+§—fx)]2

|+

J
c+d
2dsin[t (-e+ 2 - fx|]?
Sin[l(_e+£_fx]2) [2( 2 )] }+(c+d) (—1+2m)
2 2 c+d
7 3 9 .1 7 ) 2d51n[7(—e+7—fx)}2
AppellFl[f, —-m, -n, —, Sln[* [—e+f—fx)] s
2 2 2 2 2 c+d

Sin|

N |-

}2

7T
(—e+——1‘:x
2

]] (a+asinfe+fx])"

Problem 10: Result more than twice size of optimal antiderivative.
J(a+a$in[e+1‘x])m (c+dSin[e+Fx1)’2’m (A+Csinfe+fx]?) dx

Optimal (type 6, 392 leaves, 8 steps):
(c2C+Ad?) Cos[e+fx] (a+aSinfe+fx])" (c+dSin[e+fx])’1’m
d(c?-d?) f (1+m)

[Zi*ma (c (A+C) d (1+m) +d? (C—Am+Cm) ~c? (C+2Cm>) Cos[e + fx]

3 (c-d) (1-Sin[e+fx])
-m, —,
2 2 (c+dsinfe+fx])

3

Hypergeometric2Fi |

N |
N |

| (a+asinfe+fx]) "

1
—-m
2

[(c+d) (1+Sinfe+fx])

c+dSinf[e+fx]

(c+dsinfe+fx]) ™"

/((c_d) d(cod)2f(1em))

3 1 5 1 d(1+Sin[e+fx
(WCAppellFl[—m, =, 1+m, —+m, = (1+Sinfe+fx]), - ( { ])}
2 2 2 2 c-d

y

c+dSinfe+ fx]
c-d

Cos[e+fx] (a+aSin[e+fx])"" (c+dSin[e+fx})’m(

(a (c-d)df (3+2m)/1-Sin[e+fXx] )

Result (type 6, 7642 leaves):
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2Cos[

N | R

Tt -1-2m
(—E+ —-fx||
2

Sin[

N |

s
(—e+——fx
2

]

|

b+aSi”e+fXUm[ZAQB[E(—e+z—fX J*" (c+dsinfe+fx]) 2"y
2 2

Ca”[l(‘e+z‘fx)rm(C+dSinm+fx]YLm+
2 2
CCOS[E [7e+szx)}2mcos[2(7e+37FX ] (c+dSin[e+-FX])72*m)
_ d-dTan 1 _e+£—'FX 2\ -m
(1+Tan[l(—e+z_fx }2] " c+ [2( 2 )]
2 2 1+Tan[§(,e+§7fx)]z

c-d)Tan[t [—e+Z_£x|]?
[ - A (c+d) Hyper‘geometr‘iCZFl[l, 1+m, 3, _( ) 2 ( 2 )]

c-d 2 2 c+d }
c-d)Tan[L (—e+Z_fx|]*)"
1+< ) [2( 2 )} - ! czc(c+d)Hyper‘geometr‘icZFl[l,1+m,
c+d (c-d)d? 2
3 (c—d)Tan[i(—e+§7fx)]2 (c—d)Tan[i(7e+§f-Fx)}2 " 1
. 1
2’ c+d ' c+d " cd) d
c-d) Tan[% [-e+ 2 -fx|]°
2¢C (c+d) Hyper‘geometr‘icZFl[l, 1+m, i, - < ) [2 ( 2 )} ]
2 2 c+d
(c-d) Tan|2 —e+l—1‘x)}2 " 1
2 2 2 .
1+ 2c CHypergeometr1c2F1[—,
c+d (c-d)d 2
(c—d)Tan[i(—eJrf—Fx)]z [ (c—d)Tan[%(—eJrf—fx)}z "
2+m, —, - 1+ -
2 c+d c+d
c-d)Tan[t [-e+Z-fx|]?
! 2AdHyper‘geometr‘ic2F1[1, 2+m, E, - ( ) [2 ( 2 )]
c-d 2 2 c+d
c-d)Tan[L [—e+Z_Fx|]*)"
1+< ) [Z(d il ~|3C(c+d)?
C+
c-d)Tan[L (-e+Z_fx|]|?
AppellFl[l, m, 1, z,—( ) [2( g )} :—Tan[l[—“z‘fx)}z}J/
2 2 c+d 2 2
1 7T 2 1 3
d? (1+Tan[* (—e+f—Fx ] ) [3(c+d>AppellF1[, m,1, —,
2 2 2 2
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2

. (c-d) Tan[i (—e+§—fx)]

c+d

1 7T 1 7T 1 . 5
Sec[—(—e+——fx} Tan|— —e+——fx][d—dTan[— —e+—_fx}])/
2 2 2 2 2 2
2 d-dTan L —e+ﬂf-FX 2y -1-m
[1+Tan[E 7e+szx }2] c+ [2< 2 )]
2 2 1+Tan[l (—e+l_fx)]2
2 2

(c—d)Tan[% (—e+§—1‘:x)}2

1 ) 1 3
A(c+d) Hypergeometric2F1|[ =, 1+m, —, -
c-d 2 2 c+d

m

1
c-d)

{1+ (c-d) Tan[i (—e+§—fx)]2
c+d

(c-d) Tan[% (—e+§—fx)]2

, _ 1 3
c*C (c+d) Hypergeometric2F1|[ =, 1+m, —, -
2

2 c+d

m

2 1 . 1
+ 2cC (c+d) Hypergeometric2F1[ =,

{1+ (c-d) Tan[ (7e+171‘x)]

c+d (Cfd)d A
1em (C—d) Tan[i(feJr;l—-FX)}z . (cfd)Tan[§<,e+§7FX)]2 m
+m, —, - N
2 c+d i d
2 . 1 3 (c—d)Tan[§<_e+§_fx)]z
2 c? CHypergeometric2F1[ =, 2+m, =, -
<C7d>d 2 2 c+d

m

1
- 2AdHyper‘geometr‘ic2F1[7, 2 +m,
c-d 2

2,

{1+ (cfd) Tan[i (—e+5 -Fx)]2
c+d
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m

| W

c+d

(c—d)Tan[%(—eJrg—-Fx)}z (c—d)Tan[i(—e+§—fo2
2 ) c+d

(c-d) Tan[ (—e+§—fx)}2

, 1 3
3C (c+d)’AppellF1|[—, m, 1, =, - s
2 2 c+d
—Tan[l(—e+ﬂ—1:x ]2] / d? [1+Tan[l(—e+£—fx }2]
2 2 2 2
c-d)Tan[t [-e+ 2 fx|]?
{3 (c+d) AppellFl[l, m, 1, 3, - ( ) [2 ( 2 )] s
2 2 c+d
1 i 2 3 5
~Tan| ~ (7e+—7fx |"] +2 | (c+d) AppellF1| =, m, 2, —,
2 2 2 2
(c-d) Tan|2 —e+l—1‘x)}2 1 " 5
- 2 2 , ~Tan[= |-e+ —-fx||"] +
c+d 2 2
c-d)Tan[L (—e+Z_Fx|]°
(c—d)mAppe11F1[§,1+m, 1, f,—( ) [2( 2 )] s
2 2 c+d
—Tan[l(—eJrz—-Fx ]2] Tan[1 —e+£—-Fx ]2 - !
2 2 2 2 (c+d)?

]ZTan[f {7e+z,fx)]2 [1+Tan[% (7e+§,+'x

c-d)Tan[L [-e+ X - fx
A(c+d) HypergeometriczFl[l, 1im, 2, - (c-d) Tan[1 (-e+ 2 -fx|]
o 2 2 c+d

(c-d) Tan[% (—e+l—fx)}2 "

2 1

Cfc-d) &

1+
c+d

c-d)Tan[L [—e+Z_f£x)|]?
c?C (c+d) HypergeometriczFl[l, 1+m, 5’ _ < ) [2 ( 5 H
2 2 c+d

]

(c-d) Tan[ (7e+§7-Fx)}2 "

1 1
1+ + 2¢C (c+d) Hypergeometric2F1[ =,

c+d (c—d)d 2

o i) ) (c—d)Tan[%(—eJrf—fx)]2 [1+ (c—d)Tan[% (—e+§—fx)}2 m_
2

c+d c+d
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1 3 (c—d)Tan[l(—eJrl—-Fx)}2
2 c2 CHypergeometric2F1][ =, 2+m, —, - 2 2
(c-d)d 2 2 c+d
(c-d) Tan[l(—e+l—fx)}2 " 1
1+ 2 2 - 2 Ad Hypergeometric2F1 [ —, 2+m,
c+d c-d 2
1 n 2 1 P 2\m
i,_(c—d)Tan[;(—e+;—fx)] [1+ (c—d)Tan[;(—eJrE—Fx)] )
2 c+d c+d
c-d)Tan[L [-e+ 2 -Fx|]°
3c(c+d)3Appe11F1[1,m, 1, i,—( ) [2( 2 )] s
2 2 c+d
—Tan[l[—e+ﬂ—fx)]2}J/[d2 (1+Tan[l(—e+£—fx]]2)
2 2 2 2
c-d)Tan[t [—e+Z_£x|]?
[—3(c+d)AppellF1[1, m, 1, E,—< ) [2( 2 )} s
2 2 c+d
1 s 2 3 5
~Tan|[ = [-e+ —-fx|]|"]+2 (c+d)AppellF1[—, m, 2, —,
2 2 2
c-d)Tan[® [-e+Z-fx|]?
—( ) [2( 2 )] ,—Tan[l(—eJrl—-Fx ]2]+
c+d 2 2
(c—d)Tan[l(—eJrl—-FxHZ
(c-d) mAppellF1[ =, 1+m, 1, —, - 2 s
c+d
1 2 1 2
Tan[= (e T ¥ Tan[= [-e+ 2 f
an[z[e+ x| 7] an[z(e+ x| ] ]]+
1 1 7T -m
25ec[—(—e+——fx]] [1+Tan[—(—e+——fx)}]
(c+d)? 2 2 2
d-dTan[i (—e+Z_fx|]*| ™"
sl e 6]
1+Tan[i(—e+f—fx)]2
c-d)Tan[L [—e+Z_fx|]?
1 A(c+d>Hyper‘geometr‘icZFl[l,1+m, i,—( ) [2( 2 H
c-d 2 2 c+d
L. (c—d) Tan[i(—e+§—1‘x)}2 m, 1
c+d (C—d)d2
3 (c—d)Tan{%(—eJrg—-Fx)}z

1
c®C (c+d) Hypergeometric2F1|[ =, 1+m, —, -
2 2 c+d
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m

(c-d) Tan[% (—e+§—fx)}2

c+d (c-d)d

[1+
3 (c—d)Tan[i(—e+§—fx)}2

1
2cC (c+d) Hypergeometric2F1[ =, 1+m, —, -
2 2

c+d

m

. (c-d) Tan[i(—e+§—¥x)}2 1
c+d (c-d)d
c-d)Tan[L [—e+Z_fx|]?
2c2CHyper‘geometr‘ic2F1[1, 2+m, i, - ( ) [2 ( 2 H ]
2 2 c+d
(c-d) Tan[l(—e+l—fx)}2 " 1
1+ 2 2 - 2 AdHypergeometric2F1 [ —, 2+m,
c+d c-d 2
1 n 2 1 s 2\ m
i’_(c—d)Tan[;(—e+;—fx)] [1+ (c—d)Tan[;(—e+;—Fx)] )
2 c+d c+d
c-d)Tan[L [-e+ Z-Fx|]°
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2 2 c+d
—Tan[l[—e+£—fx)] }}/ d? (1+Tan[l(—e+£—fo]2)
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c-d)Tan[L [—e+Z_fx)]?
[—3 (c+d) AppellFl[l, m, 1, E, —< ) [2 ( 2 )} s
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~Tan|[ = [-e+ —-fx|]"] +2 (c+d)AppellF1[f, m, 2, —,
2 2 2
c-d) Tan[% [—e+Z-Fx]]°
—( ) [2( 2 )] ,—Tan[l(—eJrz—-Fx ]2]+
c+d 2 2
(c—d)Tan{l(—eJrl—-Fx)}2
(c-d) mAppellF1[ =, 1+m, 1, —, - 2 s
c+d
—Tan[l [—e+z—fx }2} Tan[l (—e+£—fx }2 ]] +
2 2 2 2
4Tan[l (—e+——fx]] [1+Tan{l (—e+——1cx)]2)im
(C+d)2 2 2
1 s 2\ -m
c+d—dTan[;(—e+——fx)] }
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(c-d) Tan[i (7e+§7fx)]2

AmHyper‘geometr‘icZFl[l, 1+m, i, -
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Sec[l[—e+£—1"x]]2Tan[l —e+£—fx)}
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(c-d) Tan[1(7e+lffx)}2 ey
1+ 2 2 - —c%cm Hypergeometric2F1 [
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Tan[l[—e+£—fx]] 1+< ) [2< 2 )} L1
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Tan[f(—eJrf—-Fx ]—*(*er AppellFl[f,f+m, —
2 2 312 2 2 2

(c-d) Tan[i (—e+§—fx)]2

5 1 7 2
=, 7Tan[—(7e+—ffx],— ]
2 2 2 c+d
Sec[l[—e+——fx)}2Tan[l(—e+£—fX)] +
2 2 2
Tan[l[—e+——fx)} (c-d) |- 9(C—d)APP911F1[E:—+m, E: Z;
2 2 2 2

c+d
1 7T 1
Sec[*(—eJrf—-Fx] Tan[(e+-Fx}J/
2 2 2
(10(c+d))J—3(3+m AppellFl[E,E+m, z, Z:
512 2 2 2 2

(c-d) Tan[% (—e+§—fx)]2

c+d
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Sec[ ]zTan[

N |

7
(—e+——-Fx
2

N |-

w1

(C+d) (3+2m)

5
- [[3 (c-d) AppellF1[ =, = +m,

1 7T 1
Sec[—(—e+——fx]]Tan[—(—e+——fx)} JJ/
2 2 2
1 3 1 3 1 Tt 2
-3 (c+d) AppellF1[—, =+m, —, =, -Tan[ = [—e+——fx 1
2 2 2 2 2 2
c-d)Tan[t (-e+ 2 fx|]?
—( ) [2( 2 )] }+[(c—d)Appe11F1[i,i+m, i,
c+d 2 2 2

5 1
— —Tan[f [—e+
2

2 c+d
3 65 1 2
(c+d) (3+2m) AppellF1[=, —+m, =, =, -Tan|= (—e+——fx 1%
2 2 2 2 2
c-d)Tan[L [—e+Z_£x|]? 2
—< ) {2( 2 H ] Tan[l[—e+f—fx)] -
c+d 2
1 3 1 3 1 7T 2
AdAppellF1[ =, =+m, =, =, -Tan[~ (—e+——1:x)] ,
2 2 2 2 2 2

) (c-d) Tan[3 (—e+§—fx)]2

} (c+d+cTan[§ (—e+£—fx)}2_

c+d 2
1 7T 2 3 3 3 5
dTan[ - [—e+f—-Fx ] J [[(c—d)AppellFl[, “+m, =, =,
2 2 2 2 2 2
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c-d) Tan[% (—e+Z-Fx]]®
Tan[l(e+ﬂfx}2,< ) [2( 2 H |+
2 2 c+d
5 1 5
(c+d) (3+2m) AppellF1[=, = +m, =, =,
2 2 2
c-d) Tan[% (—e+Z-Fx]]®
Tan[l(e+1‘x}2,< ) [2( 2 H ]
2 c+d
1 2 1 7T
sec[/= [-e+ 2 fx|]’Tan[= [-e+ = Fx|] -3 (c+d
ec[z(e+ x| | an[z[e+2 x| | (c+d)
- 1 (c-d) AppellFl[z,i+m, z, E,—Tan[l[—eJrz—fx)}z,
6 (c+d) 202 22 2 2

1 7
| sec|[= (—e+——fx
2 2

1/(3 3 5
]77(7+m AppellF1[ =, = +m,
312 2 2

2
(c-d) Tan[i (—e+§—-Fx)]2

1 2 5 3 5 7
Tan[;(—e+——fx 1" | (c-d) |- 9(C—d)APP911F1[;,;+m, PRI
]2, ) (c-d) Tan|2 (7e+§7fx>]2

9]

5 3
AppellF1[=, =+m, —
2 2 2

(10 (c+d))J—§ Em

c-d) Tan[% [-e+Z-Fx|]°
—Tan[l(—e+£—fx ]2, ( ) [2( H
2 2 c+d
1 7 2 1 7T
Sec[* (—e+ -fx ] Tan[f (—e+f—fx } +
2 2 2

(9]

(c+d) (3+2m)

- [{3 (c-d) AppellF1[ =, = +m,
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(c-d) Tan[i (—e+§—fx)]2

]

c+d

3

3 /5 5 7 1
(10 (c+d)) | - = (—+m) AppellF1l[ =, —+m, —,
512 2 2 2

NN

(c-d) Tan[% (—e+§—fx)]2

I

]

c+d

c+d
c2CAppellF1{1, 3+m, i, 3, —Tan[l (—e+f—fx }2,
2 2 2 2 2
c-d)Tan[t (-e+ 2 fx|]?
,( ) [2 ( 2 )] ] [{3 (c—d)AppellFl[i, i+m, E, E,
c+d 2 2 2 2
c-d) Tan[% [-e+ 2 -Fx|]°
—Tan[l(—e+£—fx}2,—< ) [2( 2 H |+
2 2 c+d
3 5 3 5
(c+d) (3+2m) AppellFl[ =, =+m, =, =,
2 2 2 2
c-d) Tan[L [-e+ 2 -Fx|]°
—Tan[l(—e+£—fx}2, -9 [ ( H ]
2 2 c+d
1 1
Sec[;(—e+——fx)] Tan[;(—e+——fx)}—3(c+d>
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3 3 5 5
- (c—d) AppellFl[f, Zim, =, =, —Tan[
2 (c+d) 272 2 2

7 (c-d) Tan[i (7e+§7-FxH2

1/(3
]——(—+m
312

1 7
| sec[~ (—e+—ffx
2 2

3 5
AppellFl[ =, —+m, —,
2 2

2
d) Tan[% (—e+§—fx)]2

=, —Tan{l (—e+§—1‘:x)]2, - (-

- 2 ]Sec[l(7e+—f1‘x

c+d 2

(c-d) Tan[% (—

5 5
{— + mJ AppellF1[—,
2 2

(10 (c+d))Jz(z+m

I, -

3

5 7
AppellF1 [ —, —+m, —,
2 2 2

pAS

(c-d) Tan[i (—e+;—fx)]2

c+d
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|

I,

Sec [

N |

s 2 7
(—e+——fx] Tan[ -e+ —-fx
2

N |-

]

3 3
-y —Tan[

1 3
-3 (c+d) AppellFl[;, £+m, )

N | R

T
[—e+——-Fx
2

i (c-d) Tan[% (—e+§—fx)]2

y |+ [3 (c-d) AppellFl[g, §+m, =,
C +

5 1
=, -Tan| = [—e+
2 2

0
|
Q.
-
QU
=)
=
|
m
+
Ny
|
—f,'
X
)
—_—
—_—

1 3 3
- (c-d) AppellF1[=, = +m,
2 (c+d) 22 272

(c-d) Tan[i (7e+§71‘x)}2

1 7
| sec|[= (—e+——fx
2 2

c+d

1 7T 1 /3 3 5 3
Tan[f(—e+f—1:x ]—7(7+m AppellFl[f,fme, -
2 2 312 2 2 2
c-d)Tan[t [-e+Z_fx|]?
E, fTan[l(—e+Effx ]2,7( ) [2( 2 )] }
2 2 2 c+d
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. (c-d) Tan[;cgdeJr;-Fx)] ]Sec[i

7
-e+ —-fx
2

5 5
)

1 7 3 /(3
Tan| (—e+——fx)} - = [—+m
2 5

AppellF1|
2

1 3 3 1 2
-3 (c+d) AppellF1[—, =+m, =, =, -Tan[ = [—e+——fx 1%
2 2 2 2 2
c-d)Tan[L (-e+Z_fx|]?
B ( ) [2 ( 2 )] }+ [3 (C—d) AppellFl[i, i+m, 5)
c+d 2 2 2

c-d) Tan[i (—e+§—fx)}2

] +
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3 5 5
(c+d) (3+2m) AppellF1[=, =+m, =, =
2 2 2 2

) (c-d) Tan[ (—e+§—1‘:x>}2

c+d

Problem 15: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx])"‘(A+CSin[e+fx]2) ix
(c+dsinfe+fx])®?

Optimal (type 6, 424 leaves, 10 steps):

2 (c2C+Ad?) Cos[e+fx] (a+aSin[e+fx])"

3d (c2-d?) f (c+dsSinfe+fx])*?

+

[ﬁ (3c (A+C)d+d? (A+3C-4Am) -2c2 (C+2Cm))

1 1 3
AppellF1[=+m, =, =,
2 2 2

d(1+Si f
+m,1(1+sin[e+fx]),— (1+sinfe+fx))
2 c-d

/

(3 (c—d)zd (c+d) f(1+2m)~1-Sin[e+fx] /c+dSin[e+fx] )+

N w

c+dSin[e + f x]
c-d

Cos[e + f x] (a+aSin[e+-Fx])"'\/

[ﬁ (2¢2C(1+m) -d? (A+3C—2Am))AppellF1[i+m, l, 3, E+m, 1(1+Sin[e+fx}),
2 272 2 2

d(1+Sin[e+fx])

c+dSinfe+f
_ | Cos[e+fx] (a+aSin[e+fx])1*m\/ vdsinfe+ v x]

c-d

/

c-d

(3a (cfd)zd (c+d) f (3+2m)V/1-Sin[e+fx] /c+dSin[e+fx] )

Result (type 6, 25117 leaves) : Display of huge result suppressed!

Problem 17: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(a+a$in[e+fx])m (c-csinfe+fx])" (A+BSin[e+fx] +CSin[e+fx]?) dx

Optimal (type 5, 269 leaves, 6 steps):
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27" ¢ ((L+m+n) (C(1-m+n) +A(2+m+n))+ (m-n) (C+2Cm+B (2+m+n))) Cos[e+fx]

Hypergeometric2F1[ = (1+2m), — (1-2n), 1 (3+2m), = (1+Sin[e+fx]) ]
2

N |
N |

1
2
(

(1-sinfe+fx])z" a+aSin[e+fx])"‘(c_cSin[eJr.FX])qu/

(F(1+2m) (1+m+n) (2+m+n)) -
((c+2Cm+B (2+m+n)) Cos[e+fx] (a+aSin[e+fx])" (c-cSinfe+fx])")/
(-F(1+m+n) <2+m+n)>+

CCos[e+fx] (a+aSin[e+fx])" (c-cSin[e+fx])"

cf (2+m+n)
Result (type 6, 38254 leaves) : Display of huge result suppressed!
Problem 18: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
J(a+a$in[e+-Fx])m (c—cSin[e+1:x})5/2 (A+BSin[e+fx] +CSinfe+fx]?) dx

Optimal (type 3, 435leaves, 5steps):

—((64c3 (B (45-8m-4m*) -C (39-16m+4m”) -A (63+32m+4m?)) Cos[e+fx]

(a+aSin[e+-Fx])m>/(f(5+2m) (7+2m) (9+2m) (3+8m+4m?) v/c-cSin[e+fx] )) -
(16c2 (B (45-8m-4m*) -C (39-16m+4m”) -A (63+32m+4m?)) Cos[e+fx]

(a+asinfe+fx])"c-cSinfe+fx] )/(-F (7+2m) (9+2m) (15+16m+4m?)) -
(2c(B (45-8m-4m?) -C (39-16m+4m*) -A (63+32m+4m*)) Cos[e+fx]
(a+asinfe+fx])" (c—cSin[e+Fx])3/2>/(f(5+2m) (7+2m) (9+2m)) -
(2 (9B+2C+2Bm+4Cm) Cos[e+fx] (a+aSin[e+fx])"‘(c—cSin[e+fx]>5/2)/
(F(7+2m) (9+2m)) +
2CCos[e+fx] (a+aSin[e+fx])" (c-cSin[e+fx])
cf(9+2m)

7/2

Result (type 3, 1029 leaves):
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1
f (Cos[% (e+Fx)] —Sin[% (e+-FxH)5

(a(1+sinfe+fx]))" (c—cSin[eercx])S/2

((18900A—14175B+12285C+15648Am—414GBm+648Cm+5280Am2—

832Bm2+1416Cm2+896Am3—2088m3+224Cm3+64Am4—1GBm4+16Cm4)

((iJri Cos[l(emcx)]Jr lfj—J Sin[l<e+fx)] )/

2 8 8 2
((18900A—14175B+12285C+15648Am—414OBm+648Cm+5280Am2—8328m2+

((1+2m) (3+2m) (5+2m) (7+2m) (9+2m)) +

1416Cm2+896Am3—208Bm3+224Cm3+64Am4—168m4+16Cm4)
((1 i 1 /
8 8

—+i—J Sin[l(eﬂcx)]

2
((1+2m) (3+2m> (5+2m> (7+2m) <9+2m))+
[(3150A—3465B+3150C+2356Am—17068m+828Cm+584Am2—316Bm2+200Cm2+

Cos[% (e+fx)]+

8 8

48 Am> - 24Bm* +16Cm?) ([l—i) Cos[i (e+fx” - (l+£J Sin[z <e+fx)]
8 8 2 8 8 2

((3+2m) (5+2m> (7+2m) (9+2m)) + ((3150A—34658+315@C+2356Am—

|/

17068m+828Cm+584Am2—3168m2+206Cm2+48Am3—24Bm3+16Cm3)

1 1 3 1 i

((—+— Cos[—(eﬂcx)]—(——— )/

8 8 2 8 8
((3+2m) (5+2m> (7+2m> (9+2m))+
((126A—315B+378C+64Am—124Bm+88Cm+8Am2—12Bm2+8Cm2)

1 i

-—+ — 5+2m) (7+2m) (9+2m

[-5+3 |/ ((s=2m) (7-2m) (3-2m)) -
((126A—315B+378C+64Am—124Bm+88Cm+8Am2—12Bm2+8Cm2)

([ii ]/((5+2m) (7+2m) (9+2m)) +
((188—45C+4Bm—6€m)( )/

Sin[% (e+fx)]

Cos[z (e+fx)]- [§+§) Sin[z (e+fx)]

Cos[g (e+fx)] - [iii) Sin[z (e+Fx)]

117671176) Cos[z (e+fx)] - (i+1176) Sin[g (e+Fx)]

((7+2m) (9+2m)) +

((18B—45C+4Bm—6Cm) ((:Ifl_GJrll—G) Cos{%(eﬂcxﬂ—(i—j—es) Sin[%(eﬂcx)] )/
(7+2m) (s+2m)) + (i+1ﬂfs) CCos[% (e+Fx)9]++2(m116—;) CSin[% (e+fx)] )
(i—f—s)CCos[g(e+fx)]+(i+f—6)csin[%(e+fx)]

9+2m

Problem 19: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J(a+aSin[e+-Fx])"' (c—cSin[e+-Fx}>3/2 (A+BSin[e+fx] +CSinfe+fx]?) dx

Optimal (type 3, 322 leaves, 4 steps):
—((8c2 (B(21-8m-4m?) -C (19-8m+4m”) -A (35+24m+4m?)) Cos[e+fx]

(a+aSin[e+Fx])"‘>/(f(5+2m) (7+2m) (3+8m+4m?) \/c-cSin[e+fx] )) -
(ZC(B (21-8m-4m?) -C (19-8m+4m?) —A (35+24m+4m’)) Cos[e +fx]

(a+asinfe+fx])"Vc-cSin[e+fx] )/(-F (3+2m) (5+2m) (7+2m)) -
(2 (7B+2C+2Bm+4Cm) Cos[e+fx] (a+aSin[e+-Fx])m(c—cSin[e+-Fx}>3/2)/
(F(5+2m) (7+2m)) +
2CCos[e+fx] (a+aSin[e+fx])" (c-cSin[e+fx])
cf(7+2m)

5/2

Result (type 3, 719leaves):
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1 (a (1+Sin[e+fx}>)m(c—cSin[e+Fx])3/2

f (Cos[% (e+Fx)] —Sin[% (e+-FxH)3

((1260A—84GB+735C+1144Am—128Bm—18Cm+336Am2+3ZBm2+100Cm2+32Am3+8Cm3)
1 i 1 1 i 1
—+—|Cos|— (e+f —-—|Sin|— (e+f /
([8+8 [2<+X)]+(s 8] 1n[2<+x>])
((1+2m) (3+2m> (5+2m) (7+2m))+
((1260A—840B+735C+1144Am—1288m—18Cm+336Am2+32Bm2+100Cm2+32Am3+8Cm3)
1 i 1 1 i 1
—-—|Cos|— (e+f —+ —|Sin|— (e+f /
([8 8 [2(+X>]+(8+8] 1n[2<+x>])
((1+2m) (3+2m> (5+2m) (7+2m))+
((140A—2108+175C+96Am—888m+16Cm+16Am2—88m2+4Cm2)
1 i
—-= 3+2m) (5+2m) (7+2
[5-3 /((3+2m) (5+2m) (7+2m)) «

[(140A—2108+175C+96Am—88Bm+16Cm+16Am2—SBm2+4Cm2)
)/((3+2m> (5+2m) (7+2m)) +

)/
)/

Cos[z (e+fx)] - (éJri] Sin[z (e+fx)]

([§+§) Cos[z (e+fx)] - (i—i] Sin[g (e+fx)]

Cos[E (e+fx)]+ (1—3] Sin[E (e+fx)]

1 i
((148—21C+4Bm—2Cm) ((—+—
2 8 8 2

8 8

((5+2m) (7+2m)) + | |
[(148—21C+4Bm—2Cm) ([ifi Cos[z(e+fx)]+(§+§] Sin[§<e+fx)]

(—i—;—) CCos[i (e+Fx)]+ (i—i) CSin[i (e+Fx)]

+

((5+2m) (7+2m>)+ S am

(7§+;—) CCOS[% (e+'FXH +

§+;—) CSin[% (e+'FXH

7+2m

Problem 21: Attempted integration timed out after 120 seconds.

dx

J(a+aSin[e+fx])’" (A+BsSin[e+fx] +CSinf[e+fx]?)
vc-cSinfe + fx]

Optimal (type 5, 170leaves, 5 steps):

2BCos[e+fx] (a+aSin[e+fx])"

+

f(1+2m)/c-cSin[e+fx]

1 3 1
(A+B+C) Cos[e+fx] Hypergeometric2F1[1, —+m, —+m, — (1+Sin[e+fx]) ]|
2 2 2

2CCos[e+fx] (a+aSin[e+fx1)1*m

(a+aSin[e+fx])m]/ (f(1+2m) vc-cSinfe + f x] )_

af (3+2m)c-cSin[e+fx]
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Result (type 1, 1leaves):
2??
Problem 22: Result unnecessarily involves higher level functions and more than

twice size of optimal antiderivative.
(a+asin[e+fx])" (A+BSin[e+fx] +CSinfe+fx]?) 5
X

J (c-csinfe+fx])

3/2

Optimal (type 5, 216 leaves, 5 steps):

(A+B+C) Cos[e+fx] (a+aSin[e+Ffx])"
N

4af (c-cSinfe+fx])>?

(A+B+2Am+2Bm+C (9+2m)) Cos[e+fx] (a+aSin[e+Fx])"
+

4cf(1+2m)~/c-cSinfe+fx]

—+m, —+m,

(A(1-2m) -B(3+2m) -C(7+2m)) Cos[e+fx] Hypergeometric2F1[1,
2

(1+Sin[e+fx]>] (a+aSin[e+Fx])m)/ (4c-F(1+2m) c-cSinfe + fx] )

N |

Result (type 6, 23229 leaves): Display of huge result suppressed!

Problem 23: Result unnecessarily involves higher level functions and more than

twice size of optimal antiderivative.
(a+asinfe+fx])" (A+BSin[e+fx] +CSinle+fx]?) 5
X

J (c-csinfe+fx])®>?

Optimal (type 5, 230 leaves, 5 steps):

(A+B+C) Cos[e+fx] (a+aSin[e+-Fx])1”"
N

8af (c-csSinfe+fx])*?
((A(5-2m)-B(3+2m)-C(11+2m)) Cos[e+fx] (a+aSin[e+fx1)m)/

(16mc (cfcsin[e+Fx])3/2) -
((B (5-8m-4m?) -A(3-8m+4m?) -C (19+24m+4m?)) Cos[e +f x] Hypergeometric2F1[1, — +m,
2

(1+Sin[e+-Fx])] (a+aSin[e+-Fx])m)/(32c2f(1+2m) vJc-cSinfe + fx] )

—+m,

N |

Result (type 6, 40823 leaves) : Display of huge result suppressed!
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Problem 24: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(a+aSin[e+-Fx])"' (c—cSin[eJr-Fx})’z"“ (A+BSin[e+fx] +CSinfe+fx]?) dx

Optimal (type 5, 232 leaves, 6 steps):
1 1

-————2:"CCos[e+fx]3
f(3+2m)
. 1 1 1 1 )
Hypergeometric2F1[ = (3+2m), N (3+2m), N (5+2m), N (1+Sinfe+fx])]
2
(l—Sin[e+-Fx1)§“" (a+asinfe+fx])" (c-cSinfe+Ffx]) "+

-2-m

+

[
(A+B+C) Cos[e+fx] (a+aSin[e+-Fx})1”" (c-csinfe+fx])
2af (3+2m)

(A-B+C) Cos[e+fx] (a+aSin[e+fx])" (c—cSin[eJrFx])’l’"'
2cf (1+2m)

Result (type 6, 7618 leaves):

-2m 1 7T
] Cot[—[fe+;7fx

1 Tt
2743MCos [~ [7e+ ~ _fx
2 2

4
1 1 -2 (-2-m)
Cos[f(eJr-Fx)]—Sin[f(e+-FxH (a+asinfe+fx])" (c-cSinfe+fx]) 2-m
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Problem 25: Result more than twice size of optimal antiderivative.

J(a+asin[e+1‘:x])m (c+dsinfe+fx])" (A+BSin[e+fx] +CSin[e+fx]?) dx

Optimal (type 6, 383 leaves, 10 steps):
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Problem 26: Result more than twice size of optimal antiderivative.
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Problem 27: Result more than twice size of optimal antiderivative.

[1+ <c—d>Tan[§ (—e+§—fx)}
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J(a+asin[e+Fx])"‘ (c+dsinfe+fx])*? (A+BSin[e+fx] +CSin[e+fx]?) dx

Optimal (type 6, 406 leaves, 10 steps):
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Problem 30: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx])m (A+BsSin[e+fx] +CSinfe+fx]?) 5
X

(c+dsSinfe+fx])>?

Optimal (type 6, 433 leaves, 10 steps):
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Result (type 6, 31436 leaves): Display of huge result suppressed!

Problem 31: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx])m (A+BSin[e+fx] +CSin[e+fx]?)

(c+dSinfe+fx])°>?

dx

Optimal (type 6, 451 leaves, 10 steps):
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Summary of Integration Test Results

34 integration problems

A - 8 optimal antiderivatives

B - 14 more than twice size of optimal antiderivatives
C - 10 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - 2integration timeouts



